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1. Introduction

Most of our traditional tools for formal modeling, reasoning, and computing are crisp, deterministic, and
precise in character. However, there are many complicated problems in economics, engineering, environment,
social science, medical science, etc., that involve data which are not always all crisp. We cannot successfully
use classical methods because of various types of uncertainties present in these problems. There are theories,
viz., theory of probability, theory of fuzzy sets [22], theory of intuitionistic fuzzy sets [2, 3], theory of vague
sets [4], theory of interval mathematics [3, 5|, and theory of rough sets [10] which can be considered as
mathematical tools for dealing with uncertainties. In 1999, Molodtsov [9] introduced the soft set theory as
a general mathematical tool for dealing with uncertainty or vagueness. The reason for these difficulties is,
possibly, the inadequency of the parametrization tool of the theories. Consequently, Molodtsov [9] initiated
the concept of soft theory as a mathematical tool for dealing with uncertainties which is free from the
above difficulties. We are aware of the soft sets defined by Pawlak [11], which is a different concept and
useful to solve some other type of problems. Soft set theory is still a better approach to deal with problems
involving uncertainty. Later, this theory became a very good source of research for many mathematicians
and computer scientists of recent years because of its wide range of applicability. The development in the
fields of soft set theory and its application has been taking place in a rapid pace. The notion of soft groups is
a branch of soft set theory and it was first introduce by Aktas and Cagman [1] in 2007. Later, some authors
like Yin and Liao [21] have studied various properties of soft groups. The soft group theory has applications
in the theory of computer science. Rosenfeld [18] gave the idea of fuzzy subgroups. Solairaju and Nagarajan
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[19, 20] introduce and define a new algebraic structure of Q-fuzzy groups. The author investigated properties
of soft algebra [6, 12, 13, 14, 15, 16, 17]. The purpose of this paper is to introduce and investigate of Q-soft
coset, Q-soft middle coset, characteristic Q-soft, generalized characteristic Q-soft subgroups of group G
and Q-level subgroups of Q-soft subgroups. In section 2, we present basic definitions of soft sets and their
operations and we review some elementary aspects that are necessary for this paper. In Section 3, we define
Q-soft coset and Q-soft middle coset of group G and we prove that Q-soft middle coset of group G will
be Q-soft subgroup of G. Also we show that the cardinal of Q-soft subgroup of G and its Q-soft middle
coset will be equal and we characterize Q-soft coset of group G. Finally, by using homomorphisms and anti-
homomolrphisms of groups, we obtain some isomorphisms and anti-homomorphisms between Q-soft coset
of group G. In Section 4, we define characteristic Q-soft subgroup and generalized characteristic Q-soft
subgroup of groups and we prove that any subgroup H of a group G can be realized as a Q-soft subgroup of
some Q-soft subgroup of G. In Section 5, we introduce Q-level subgroups of Q-soft subgroups and investigate
properties of them. Later, we prove that intersection and union of them is also Q-level subgroups. Next
we show that each Q-level subgroup of Q-soft normal subgroup of group G is is a normal subgroup of G.
Finally, we obtain some results of Q-level subgroups under product and Q-soft coset of Q-soft subgroup of
groups.

2. Preliminaries

Definition 2.1. ( [7]) A group is a non-empty set G on which there is a binary operation (a,b) — ab such
that

(1) if a and b belong to G then ab is also in G (closure),

(2) a = (ab)c for all a,b,c € G (associativity),

(3) there is an element e € G such that ae = ea = a for all a € G (identity),

(4)

4) if a € G, then there is an element a~! € G such that aa™! = a~'a = e (inverse).

One can easily check that this implies the unicity of the identity and of the inverse. A group G is called
abelian if the binary operation is commutative, i.e., ab = ba for all a,b € G.

Remark 2.2. There are two standard notations for the binary group operation: either the additive notation,
that is (a,b) — a4+ b in which case the identity is denoted by 0, or the multiplicative notation, that is
(a,b) — ab for which the identity is denoted by e.

Example 2.3. (1) Z with the addition and 0 as identity is an abelian group.
(2) Z with the multiplication is not a group since there are elements which are not invertible in Z.

Definition 2.4. ( [7]) In abstract algebra, a normal subgroup is a subgroup that is invariant under conjugation
by members of the group of which it is a part. In other words, a subgroup H of a group G is normal in G
if and only if gH = Hg for all g in G. The definition of normal subgroup implies that the sets of left and
right cosets coincide. In fact, a seemingly weaker condition that the sets of left and right cosets coincide also
implies that the subgroup H of a group G is normal in G. Normal subgroups (and only normal subgroups)
can be used to construct quotient groups from a given group. In mathematics, if G is a group, and H is a
subgroup of G, and g is an element of G, then gH ={ gh: h € H } is the left coset of H in G with respect
to g, and Hg ={hg: h € H } is the right coset of H in G with respect to g. Only when H is normal will the
set of right cosets and the set of left cosets of H coincide, which is one definition of normality of a subgroup.
Although derived from a subgroup, cosets are not usually themselves subgroups of G, only subsets. A coset
is a left or right coset of some subgroup in G. Since Hg = g ( g~ 'Hg ), the right coset Hg (of H with
respect to g) and the left coset g ( g~'Hg ) (of the conjugate subgroup g~ 'Hg ) are the same. Hence it is
not meaningful to speak of a coset as being left or right unless one first specifies the underlying subgroup.
In other words: a right coset of one subgroup equals a left coset of a different (conjugate) subgroup. If the
left cosets and right cosets are the same, then H is a normal subgroup and the cosets form a group called
the quotient or factor group.
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Proposition 2.5. ( [7]) Let G be a group. Let H be a non-empty subset of G. The following are equivalent:
(1) H is a subgroup of G.
(2) x,y € H implies xy~! € H for all x,y.

Definition 2.6. ( [7]) Let (G,.), (H,.) be any two groups. The function f: G — H is called a homomorphism
(anti-homomorphism) if f(xy) = f(x)f(y)(f(xy) = f(y)f(x)), for all x,y € G.

Throughout this work, Q is a non-empty set, U refers to an initial universe set, E is a set of parameters
and P(U) is the power set of U.

Definition 2.7. ( [8, 9]) For any subset A of E, a Q-soft subset fa g over U is a set, defined by a function
fAxQ, representing a mapping faxq : Ex Q — P(U), such that faxq(x,q) = 0 if x ¢ A. A soft set
over U can also be represented by the set of ordered pairs faxq = {((x,q),faxq(x,q))[(x,q) € E x
Q,faxq(x,q) € P(U)}. Note that the set of all Q-soft subsets over U will be denoted by QS(U). From here
on, "soft set” will be used without over U.

Definition 2.8. ( [8, 9]) Let faxq,fexq € QS(U). Then,

(1) faxq is called an empty Q-soft subset, denoted by ®axq, if faxq(x,q) =0 for all (x,q) € E x Q,

(2) faxq is called a A x Q-universal soft set, denoted by faxq > if fAxq(x,q) =Uforall (x,q) € AxQ,
(3) faxq is called a universal Q-soft subset, denoted by fE;Q ,if faxqg(x,q) = U for all (x,q) € Ex Q,
(4) the set Im(faxq) = {faxo(x,q) : (x,q) € A x Q} is called image of faxg and if Ax Q = ExQ,
then Im(fgxq) is called image of E x Q under faxq. (5) faxqg is a Q-soft subset of fgx g, denoted by
fongBan if foQ(qu) - foQ(X7q) for all (x,q) € E x Q,

(6) faxq and fgxq are soft equal, denoted by faxq = fBxq, if and only if faxq(x,q) = fgxq(x, q) for
all (x,q) € ExQ,

(7) the set (faxQUfexQ)(Xx,q) = faxq(x,q)Ufexq(x,q) for all (x,q) € E x Q is called union of faxq
and fgxqQ,

(8) the set (fAxQNfBxQ)(x,q) = faxq(x,q)Nfexq(x,q) for all (x,q) € E x Q is called intersection of
foQ and fBXQ-

Example 2.9. Let U = {uy, us,u3, ug, us} be an initial universe set and E = {x1, x2, X3, X4, X5} be a set of
parameters. Let Q ={q1, q2, q3}, A = {x1,%x2}, B = {x2,%x3}, C = {x4}, D = {x5}, F = {x1, %2, x3}. Define

faxq(x,q) = {w, up,ug) if x =xj and g = q

AxQlx, q) = {ur,us} if x =%z and q=qs
_ [ {u, e} ifx=xpand g =q
fBXQ(X7q)_{ {UQ,U4} ifx:X3 andqz(h

{u, ug,uz, uy} if x =%; and g = q
fFXQ(X,q) = {ul,ug,ug)} ifX:XQ andq:q2
{ug,uy} if x =x3and q =qs

fexq(xs,q) = U and fpxq(xs, q) = {}. Then we will have

{ul,ug,ug} if x = X1 and q=41q1

(faxQUfexql)(x,q) =< {w,uz,us} if x =xpand q = q2
{fug,usg} ifx=x3and q=q;

- [ {w} ifx=x2and q=qq
(fomeBxQ)(Xaq)—{ 0 i x £ xo

Also fecxg = fexa and fpxQ = @Ppxq- Note that the difinition of classical subset is not valid for the
soft subset. For example f AngfoQ does not imply that every element of fAxq is an element of fryq.
Thus faxQCfrxq but faxg € frxq as classical subset.
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Definition 2.10. ( [6]) Let (G,.) be a group and fgxq € QS(U). Then, fgxq is called a Q-soft subgroup

over Uif fgxq(xy,q) 2 foxq(x, q) Nfexq(y,q) and fg(x 1, q) =fexq(x,q) forall x,y € G,q € Q.
Throughout this paper, G denotes an arbitrary group with identity element eg and the set of all Q-soft
subgroup with parameter set G over U will be denoted by Sgxq (U).

Example 2.11. Let G ={1,—1} be a group and U = {uy, us, us, ug}, Q ={q}.
Let foxo = {((1,q),{u1,u2}), ((—1, q), {u1, us})}, then fgxq € Sgxq(U).

Proposition 2.12. ( [6]) Let fgxq € Sgxq(U). Then fgxqg(eg,q) 2 foxq(x,q) forall x € G,q € Q.

Proposition 2.13. ( [6]) foxQ € Sgxq(U) if and only if fGXQ(xy*1

X,y €G,q€Q.

Definition 2.14. ( [6]) Let (G,.),(H,.) be any two groups and fgxq € SgxqQ(U),gnHxqQ € Shxq(U).
The product of fgxq and grxqQ, denoted by fgxoXghnxg : (G xH) xQ — P(U) , is defined as

foxQXgnxqQ((%,Y),q) = foxq(x, q) Ngnxq(y,q) for all x € G,y € H,q € Q. Throughout this paper, H
denotes an arbitrary group.

,q) 2 foxox,q)Nfgxq(y,q) for all

Definition 2.15. ( [14]) Let fexq € SGXQ(U) and H={xe G: fGXQ(X, q) = fGXQ(e, q)}, then O(fGXQ),
the order of fgxq is defined as O(fgxq) = O(H).

Definition 2.16. ( [14]) Let fgxQ € Scxq(U) then fgyxq is said to be a Q-soft normal subgroup of G if
foxQ(xy,q) = fexq(yx, q), for all x,y € G and q € Q. Throughout this paper, G denotes an arbitrary
group and the set of all Q-soft normal subgroup with parameter set G over U will be denoted by NSg g (U).

Example 2.17. Let U = {uy, us, u3} be an initial universe set and (IR, +) be an additive real group. Define
frRxQ : R x Q — P(U) as

f {u,ug} ifx e R0
flRXQ(Xa q) - { {Us} ifx e R<0

then frRxQ € NS]RXQ(U).

3. Q-soft cosets of Q-soft subgroups
Recall that (x) = {y~!xy:y € G} is called the conjugate class of x in G.

Proposition 3.1. Let fgx g and ggx g be two Q-soft subsets of an abelian group G. Then fgxg and ggxq
are conjugate Q-soft subsets of the abelian group G if and only if foxg = ggxQ-

Proof. Let x,y € G and q € Q. If fgxQ and ggxq are conjugate Q-soft subsets of the abelian group

G, then fgxq(x,q) = gexQU xy,q) = goxo(yYy 'x,q) = gexqlex,q) = goxq(x,q). Therefore

foxQ = goxq- Conversely, iffgxo = ggxq, then for the identity element e of G, we have fgxq(x,q) =
fGXQ(eflxe, q). Hence fgxq and ggxq are conjugate Q-soft subsets of the abelian group G. 0

Definition 3.2. Let fgx g € Sgxq(U). Forany a € G, define afg x g defined by (afgxq)(x,q) = fGXQ(aflx,
for every x € G and q € Q, is called a Q-soft coset of G.

Definition 3.3. Let fgxg € Sgxq(U). Then for any a,b € G, a Q-soft middle coset afgxqb of G is defined
by (afgxqb)(x,q) = fegxqla 'xb™1, q), for every x € G and q € Q.

Proposition 3.4. If fgxq is a Q-soft subgroup of a group G, then for any a € G the Q-soft middle coset
a(fGXQ)a*1 of G is also a Q-soft subgroup of G.
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Proof. Let x,y,a € G and q € Q. Then

1 q)=fgxaqla” a, q)

—1

(a(fexgla™)(xy (

:fGXQ(a xaa~ y a,q)

=fgxql(la”'xa)(a 'ya)™, q)
( 1
(

2 fexqla 'xa, q)Nfexqlla™ ya) ™, q)
2 fexgla™ X(l OI)ﬂfoQ(a ya,q)

= (a(fgxq)a M(x,q)N(alfexgla )y, q).
Thus by Proposition 2.13 we get that a(fGXQ)a_1 is a Q-soft subgroup of G. O

Proposition 3.5. Let fgxq be a Q-soft subgroup of a group G and a(foQ)cf1 be a Q-soft middle coset
of G, then O(a(fgxq)a™!) = O(fgxq) for any a € G.

Proof. Let fgxq be a Q-soft subgroup of G and a € G. By Proposition 3.4, the Q-soft middle coset
CL(fGXQ)(:F1 is a Q-soft subgroup of G. Further by the definition of a Q-soft middle coset of G, we have
(a(fGXQ)a_l)(x,q) = fGXQ(a_lxa,q) for every x € G and q € Q. Hence for any a € G we obtain
foxq and a(fGXQ)a*1 are conjugate Q-soft subgroups of a group G as there exists a in G such that
(a(fGXQ)a_l)(x,q) = fGXQ(a_lxa,q) for every x € G and q € Q. Now we get that O(a(fGXQ)a_l) =
O(fgxq) for any a € G. O

Proposition 3.6. Let fgxq be a Q-soft subgroup of a group G and ggxq be a Q-soft subset of a group G. If
foxq and ggx @ are conjugate Q-soft subsets of the group G, then ggxq is a Q-soft subgroup of a group
G.

Proof. Let x,y,g € G and q € Q then xy~! € G. Now

goxQ(xy~', q) =fexqlg 'xy'g,q)
=fexol9 x99 'y "g,q)
= fexq((g7'xg)(g7'yg) ', q)
D fexq(9 '%xg,9) Nfexallg 'yg),q)
=goxQ(x,q)Ngexqy,q).

Hence Proposition 2.13 get us that ggxq is a Q-soft subgroup of a group G. O

Proposition 3.7. Let fgxq be a Q-soft subgroup of a group G. Then xfgxq = yfgxq for x,y € G if and
only if fGXQ(X_ly, q) = fGXQ(y_lx, q) = fGXQ(e, q)

Proof. Let fgxq be a Q-soft subgroup of a group G and x,y € G,q € Q. If xfgxqg = yfgxq, then
xfexq(x,q4) =yfexq(x, q) and xfgx o (Y, q) = yfexq(y, q) which implies that fgx o (x 'x,q) = fex oy~ 'x,q)
and fGXQ(Xily, q) = fGXQ(yily, q) Hence fGXQ(e, q) = fGXQ(yilx, q) and fGXQ(Xily, q) = fGXQ(e, q)
Therefore fgxq(x 'y, q) = foxa (Y%, q) = fexaqle, q).

Conversely, let fgxq(x 'y, q) =fexq(y %, q) =fcxqle, q). Let g € G. Then
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xfexq(9,q) =foxq(x g, q)
=fexq(x 'Yy 'g,q)
D fexo(x 'y, @) Nfexoy g, q)
=fgxqle, q )ﬂfoQ(y '9,q)
= foQ(y g,q) (by Proposition 2.12)
=yfexq(9,q) =fexo(y 'g,q)
= fexqly 'xx"'g,q)
D fexou %, q)Nfexq(x'g,q)
=fexqle,q)Nfexo(x 'g,q)
= foQ(X_lg, q) (by Proposition 2.12)
=xfexqlg: q).

Thus XfGXQ :nyXQ-

O]

Proposition 3.8. Let fgx g be a Q-soft subgroup of a group G and xfgxq = yfgxg for all x,y € G. Then

feoxq(x,q) =fexqly,q) for all g € Q.
Proof. Let x,y € G and q € Q. Then

=fexq(x,q)Nfexqle, q)
= fgxq(x,q) (by Proposition 2.12).

feoxq(x,q) =fexq(yy 'x,q)
QfGXQ(an)mfoQ(y 'x, q)
=fexq(y,q)Nfexqle, q)
= fGxq(y,q) (by Proposition 2.12)
=faxo(xx 'y,q) 2 fexq(x, q) Nfexo(x 'y, q)
(
(

Therefore fgx (%, q) = fexq(y, q).

Proposition 3.9. If fgxq is a Q-soft normal subgroup of a group G, then the set ¢
is a group with the operation (xfgxqQ)(yfgxq) = (xy)fGXQ.

O

= {xfgxq : x € G}

Proof. (1) Ifx,y € G, then xy € G. Let xfgxQ,YfgxQ € f then (xfoxQ)(yfeoxo) = (xy)fgxg € ﬁ

(closure).
(2) Let x,y,z € G then x(yz) = (xy)z. Now let xfgxQ,YfaxQ,Yfaxq € ﬁ SO

[(xfox@)l(yzfexq)

= (x(yz)fgxq) = (xy)zfgx Q)

= (xyfexq)(zfexq)

[(xyfex)l(zfexq)

= [(xfgx Q Jyfex Q N(zfg« Q ). (associativity)

(xfex)l(yfexqllzfoxQ)l =

(3) Let x € G and e be identity element of G then xe = ex = x. Thus (xfgxq)(efgxqQ)
Q Q

= (xefgxq) =
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(4) If x € G, then there is an element x ! € G such that xx ™! =x"1x = e. Let xfgxq € ﬁ there is an
element (foXQ)*1 = xilfGXQ € ﬁ such that
(xfexqQ)(xfaxQ) ' = (xfex)(x 'fexq)

= (xx Q)

= (x 'xfgxq)

= efGXQ = fG xQ- (inverse)

G .
Hence fo.g 1S & group. O

Proposition 3.10. Let h: G — H be a homomorphism of groups and let ggx g be a Q-soft normal subgroup
of H and ggxq be homomorphic pre-image of Q-soft normal subgroup of H. Then ¢ : ﬁ — ﬁ such

that @(xfgxq) = h(x)ggxq for every x € G is an isomorphism of group.

Proof. Clearly ¢ is onto. Now we prove that ¢ is one-one. Let x,y € G,q € Q and xfgxqQ,Yfgxq € ﬁ.
If p(xfgxq) = @(yfexq), then h(x)goxq = h(y)ggxq. Now Proposition 3.7 implies that

gexq((h(x)) " h(y),q) = gexo((h(y)) 'h(x),q) = gexq(hle),q)

and s0 ggxQ (h(x h(y), @) = gax oMy h(x), q9) = gcxq(h(e), q) which implies that ggx g (h(yx'),q) =
gGXQ(h(xy_l),q) = ggxq(h(e), q). Then Proposition 3.7 implies that xfgxqo = yfgxq and then ¢ is
one-one.

Also o((xfexQ)(Yfexq)) = e((xy)fexq) = (h(xy))gexq = (h(x)h(y))lgexq = (h(x))gexq(h(y))lgexq =
P(xfexqle(yfexq)-

Therefore @ ((xfgxQ)(Yfoxq)) = @(xfexq)®(yfcxq). Hence @ is an isomorphism. O

Proposition 3.11. Let h : G — H be an anti-homomorphism of groups and let ggxq be a Q-soft normal

subgroup of H and fgx g be anti-homomorphic pre-image of Q-soft normal subgroup of H. Then ¢ : ﬁ —
H

9gGxQ

such that @(xfgxq) = h(x)ggxq for every x € G is an anti-isomorphism of group.

Proof. Let x,y € G,q € Q and xfgxqQ,yfexqQ € ﬁ. Clearly ¢ is onto and we prove that ¢ is
one-one. Now @(xfgxq) = @(yfgxg) implies that h(x)ggxqg = h(y)ggxq. Proposition 3.7 give us
that goxq((h(x))h(y),d) = gexo((hy)*hix),q) = gaxq(h(e),q) and so goxq(h(x~Ih(y),q) =
QGXQ(h(U_l)h(X)»q) = gGXQ(h(e)vq) which 1mphes that gGXQ(h(UX_l)aq) = gGXQ(h(XU_l)aq) =
goxqQ(h(e),q). Then Proposition 3.7 implies that xfgxq = yfgx @ and then @ is one-one.

Also @((xfexQ)(Yfexq)) = e((xy)fexq) = (h(xy))gexq = (h(y)h(x))gexq = (h(y))gexq(h(x))gexq =
oyfexgle(xfexq).

Therefore @ ((xfgxQ)(Yfaxq)) = @(yfoxQ)e(xfgxq). Hence @ is an isomorphism. O

4. Characteristic Q-soft subgroups

Definition 4.1. Let fgxq € Sgxq(U) then fgxq is said to be a characteristic Q-soft subgroup of G if
fGXQ(X, q) = fGXQ(f(X), q), for all x € G and f € AutG and q € Q.

Definition 4.2. Let fgxQ € Sgxq(U). we say that fgxq is a generalized characteristic Q-soft subgroup if
for all x,y € G, condition O(x) = O(y) implies fgxq(x,q) = foxq(y,q), for all q € Q.

Remark 4.3. In what follows the symbol o stands for the composition operation of functions.
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Proposition 4.4. Let fgxq be a Q-soft subgroup of a group H and h is an isomorphism from a group G
onto H. Then we have the following:

(1) If fgx @ is a generalized characteristic Q-soft subgroup of H , then fg g o h is a generalized characteristic
Q-soft subgroup of G.

(2) If fgx @ is a generalized characteristic Q-soft subgroup and h is an automorphism on G, then fgxgoh =

foQ.

Proof. (1) Let fgxq be a Q-soft subgroup of a group H then from [[14], Proposition 3.16] fgxgoh is a
Q-soft subgroup of G. Let x,y € G and O(x) = O(y). Then we have (fgxg oh)(x,q) = fgxq(h(x),q) =
foxQ(h(y),q) = (fgxq oh)(y, q). Therefore fgx g o h is a generalized characteristic Q-soft subgroup of G.
(2) Clear. O

Proposition 4.5. Let fgxq be a Q-soft subgroup of a group H and h is an anti-isomorphism from a group
G onto H. Then we have the following:

(1) If fg x Q is a generalized characteristic Q-soft subgroup of H , then fgx g o h is a generalized characteristic
Q-soft subgroup of G.

(2) If fgxq is a generalized characteristic Q-soft subgroup and h is an anti-automorphism on G, then

fGXQOh:fGXQ'
Proof. (1) Let fgxq be a Q-soft subgroup of a group H then by [[14], Proposition 3.16] fgxg oh is a
Q-soft subgroup of G. Let x,y € G and O(x) = O(y). Then we have (fgxq oh)(x,q) = fgxq(h(x),q) =

foxqQ(h(y),q) = (fgxg o h)(y, q). Therefore fgx g o h is a generalized characteristic Q-soft subgroup of G.
(2) Clear. O

Proposition 4.6. Any subgroup H of a group G can be realized as a Q-soft subgroup of some Q-soft subgroup
of G.

Proof. Let oc € P(U) be fix set and fgx g be the Q-soft subset of a group G defined by
|« ifxeH,qeqQ
fGXQ(qu)_{ @ 1fX¢H7q€Q

We claim that fgxq is a Q-soft subgroup of G. Let x,y € G and g € Q.
(1) If x,y € H, then xy~! € H. Then we get that

faxo(xy ', q) =a D a=aNa="~fgxq(x, q)Nfexayq).

2) If x € H,y ¢ H, then xy~! ¢ H. Therefore
Y

fGXQ(Xyilaq) =020=an0 :foQ(Xaq)mfoQ(l_%q)-

(3) If x,y ¢ H, then xy ' € Hor xy ! ¢ H:
if xy=! € H, then

l)q) =2 @:Q)m@:fGXQ(X7q)mfGXQ(y7q)

foQ(Xyi
if xy=! ¢ H, then
foxo(xy 1, q)=020=0N0="Ffgxqo(x,q)Nfecxq(y,q)

Now by (1)-(3) and Proposition 2.13 we obtain that fgxq is a Q-soft subgroup of G. O
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5. Q-level subset

Definition 5.1. Let fgxq be a Q-soft subset of group G. For o € P(U), a Q-level subset of fgyq corre-
sponding to « is the set f%XQ ={xeG:fgxg 2 «}

Proposition 5.2. Let fgx g be a Q-soft subgroup of a group G. Then for o € P(U) such that o C fgxq (e, q),
then f%XQ a is a subgroup of G.

Proof. Let x,y € f%XQ and g € Q. Then fgxg(x,q) 2 a and fgxq(y,q) 2 «. Now fGXQ(xy_l,q) D)
foxQ(x,q)Nfexq(y,q) 2 aNa = « which implies that xy~ ! e f%xQ and then by Proposition 2.5 f%XQ
will be a subgroup of G. 0

Proposition 5.3. Let fgxq be a Q-soft subgroup of a group G. Let o, 3 € P(U) with B C « and & C
faxqle,q) and B C foxqle,q). Then f%, o = ngQ if and only if there is no x € G such that « O
foxq(x,q) D B.

Proof. Assume that f%XQ = ngQ and there exists an x € G such that « D fgxq(x,q) D B. Then

f%XQ C fng which implies that x € fng but x ¢ f%XQ. This is a contradiction to fng = fng'
Thus there is no x € G such that o« O fgxq(x,q) D B. Conversely, if there is no x € G such that
a D fexolx,q) D B, then ngQ:ngQ. O

Proposition 5.4. Let G be a group and fgxq be a Q-soft subset of G such that f%XQ be a Q-level subgroup
of G. If o € P(U) such that o C fgxql(e, q), then fgxq is a Q-soft subgroup of G.

Proof. Let x,y € G and q € Q. Let fgxq(x,q) = x and fgxq(y,q) = B. Now
(1) If o C B, then x,y € f§, - Since fg, o is a Q-level subgroup of G so xy~!e fGxq- Then

1

foxo(xy ", q) D2 ax=anP ="fgxqlx,q)Nfexoy,q).

(2) If « D B, then x,y € fEXQ. Since fng is a Q-level subgroup of G so xy~! € fng‘ Then

foxo(xy L, q) 2B =anp ="fexalx q)Nfexa(y,q).

(3) If &« = B, then it is trivial.
Then from (1)-(3) and Proposition 2.13 we obtain that fgx g is a Q-soft subgroup of G. O

Proposition 5.5. Let G be a group and fgxg be a Q-soft subset of G. Let , 3 € P(U). If f%XQ and fng
be two Q-level subgroups of fgxq in G, then fng N fng will be Q-level subgroup of fgxq in G.

Proof. Let o, p € P(U) with &, 3 € fgx (e, q).

(1) If « C fgxq(x,q) C B, then f[éXQ C f%XQ and so f%XQ ﬂngQ = fng'

(2) If « D fgxq(x,q) D B, then féXQ C fng and so f%XQ ﬂfEXQ = f%XQ.

(3) If o = B, then £, o = f& o

Now (1)-(3) give us that %, o ﬂngQ will be Q-level subgroup of fgxq in G. O

Corollary 5.6. Let fgxq be a Q-soft subgroup of a group G and for all i € I, we have oy € P(U) with
o € foxole q). If fgiXQ be a collection of Q-soft subgroups of fgxq, then their intersection is also a
Q-soft subgroup of fgxq.

Proposition 5.7. Let G be a group and fgxg be a Q-soft subset of G. Let , 3 € P(U). If f%XQ and fEXQ
be two Q-level subgroups of fgxq in G, then féxQ U fng will be Q-level subgroup of fgxq in G.
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Proof. Let o, 3 € P(U) with &, 3 C fgxql(e, q).

(1) If « € faxq(x, q) C B, then £, o C &, o andso f&, o UE, o =f%, o

(2) If & D faxq(x, q) O B, then f&, o C 8, o andso f&, o UTE, o =f&, o

(3) If o = B, then &, o = fE -

Now (1)-(3) give us that &, o Ufng will be Q-level subgroup of fgx g in G. O

Corollary 5.8. Let fgxq be a Q-soft subgroup of a group G and for all i € I, we have o; € P(U) with
o € foxole,q). If fgiXQ be a collection of Q-soft subgroups of fgx @, then their union is also a Q-soft
subgroup of fgxq-

Proposition 5.9. Let fgxq is a Q-soft normal subgroup of a group G and a € P(U) with o« C fgx (e, q).
Then each Q-level subgroup f%XQ is a normal subgroup of G.

Proof. Let x € f%XQ and g € G and g € Q then fgxq(x,q) D . As fgxq is a Q-soft normal subgroup of
a group G so fgxq(97'xg,q) = foxo(xgg™',q) = foxq(x,q) 2 o and then g~ 'xg € &y q- This means
that f%XQ is a normal subgroup of G. Ul

Proposition 5.10. Let fgxq and ggxq be Q-soft subsets of the sets G and H, respectively, and o € P(U).
Then (fGXQ;(gGXQ)“ = f%XQ >~<9ng-

Proof. Let x,y € G and q € Q. Then
(x,y) € (fexQ*XgaxQ)™ <= (faxoXfaxq)((x,y),q) 2 «

< foxq(x,q)NfexqQ(y,q) 2 «
= foxq(x,q) 2 and gexQ(y,q) 2 «
= x€fisg and YeEGig

= (x,y) € f%xQS‘(gng'

Therefore, (fGXQQQGxQ)“ngXQQQgXQ- -

Proposition 5.11. Let fgxq be a Q-soft subgroup of a group G. Then afg, o = (afgxq)*™ for every
aeG,qeQand xeP(U).

Proof. Let x € G and q € Q. Then
x € (afgxQ)* <= (afgxqQ)(x,q) 2 x <= fGXQ(a_lx,q) o«

= a 'xefE, g xeafi,q.

6. Open problem

One can introduce and define the concepts Q-soft coset, Q-soft middle coset, characteristic Q-soft subring
and generalized characteristic Q-soft subring of rings and investigate some of their properties and structured
of them as we did of subgroups.
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